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Abstract

The first part of this thesis is on the subject of coloring tournaments, from an
algorithmic, complexity and structural perspective. A k-coloring of a directed graph,
and in particular a tournament, is a partition of its vertices into k acyclic sets. The
chromatic number of a directed graph or a tournament is then the minimum k such
that it is k-colorable. Deciding if a tournament is 2-colorable is already NP-hard.
A natural problem, akin to that of coloring a 3-colorable graph with few colors, is
to color a 2-colorable tournament with few colors. This problem does not seem to
have been addressed before, although it is a special case of coloring a 2-colorable
3-uniform hypergraph with few colors, which is a well-studied problem with super-
constant lower bounds.

We present an efficient decomposition lemma for tournaments and show that it
can be used to design polynomial-time algorithms to color various classes of tour-
naments with few colors, including an algorithm to color a 2-colorable tournament
with ten colors. For the classes of tournaments considered, we complement our up-
per bounds with strengthened lower bounds, painting a comprehensive picture of the
algorithmic and complexity aspects of coloring tournaments. We then extend our
results to different classes of tournaments and digraphs.

The neighborhood of an arc uv in a tournament T is the set of vertices that form
a directed triangle with arc uv. By using our decomposition lemma, we show that
if the neighborhood of every arc in a tournament has bounded chromatic number,
then the whole tournament has bounded chromatic number. This holds more gen-
erally for oriented graphs with bounded independence number, and we extend our
proof from tournaments to this class of dense digraphs. As an application, we prove
the equivalence of a conjecture of El-Zahar and Erdős and a recent conjecture of
Nguyen, Scott and Seymour relating the structure of graphs and tournaments with
high chromatic number.

In the second part of this thesis, we focus on the problem of finding maxi-
mum stable sets in the class of Cycle-plus-Triangles graphs. A Cycle-plus-
Triangles graph is the disjoint union of t triangles and a Hamilton cycle on the
3t vertices. It is 3-colorable, and we give an overview of the different proofs of its
3-colorability. There is, however, no known efficient algorithm to find a 3-coloring or
even to find a maximum stable set (i.e., a stable set of size t).


